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STABILITIES OF F-YANG-MILLS FIELDS ON SUBMANIFOLDS
Gao-Yang Jia and Zhen-Rong Zhou
Abstract. In this paper, we define an F -Yang-Mills functional, and hence
F -Yang-Mills fields. The first and the second variational formulas are calcu-
lated, and the stabilities of F -Yang-Mills fields on some submanifolds of the
Euclidean spaces and the spheres are investigated, and hence the theories of
Yang-Mills fields are generalized in this paper.
1. Introduction
Let P (M,G) be a principal bundle over a compact Riemannian manifold M
with structure group G (a Lie group), and let E = P ×ρ V be a vector bundle
associated with P (M,G), whose standard fibre is some vector space V , where
ρ : G → GL(V ) is a representation of G. Denote the space of E-valued p-forms
by Ωp(E) = Γ(∧pT ∗M ⊗ E), and the space of connections of E by CE . Let
gE = P ×AdG g be the adjoint vector bundle where g is the Lie algebra of G. It is
known that, for any ∇,∇′ ∈ CE , we have ∇−∇′ ∈ Ω1(gE). For each ∇ ∈ CE , the
curvature 2-form R∇ ∈ Ω2(gE) is defined by R∇X,Y = [∇X ,∇Y ]−∇[X,Y ]. If G is a
semisimple Lie group, there is a natural invariant metric on gE which is defined by
the Killing form, and this metric induces a one on Ω2(gE). With respect to this
induced metric, the Yang-Mills functional is defined as follows:




If a connection ∇ of E is a critical point of the Yang-Mills functional, we call it a
Yang-Mills connection, the associated curvature tensor is called a Yang-Mills field.
For a connection ∇, its variation is a family ∇t of connections with |t| < ε (a







holds for any variations of a Yang-Mills connection ∇, then we call the Yang-Mills
connection (and the corresponding Yang-Mills field) to be stable. Otherwise, we
call it unstable.
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In the paper [2, 1], J. P. Bourguignon and H. B. Lawson obtained a well known
result on stabilities of Yang-Mills fields as follows:
Theorem 1 ([1]). For n > 4, any nonzero Yang-Mills fields on Sn are unstable.
When n = 4, we have S(∇) ≥ 4π2|p1(E)| for any connection ∇ (where, p1(E) is
the pontryagin number of E, a topological invariant), and the equality holds if and
only if the connection ∇ is self-dual or anti-self-dual (in this case, the connection
is called an instanton). Hence any self-dual or anti-self-dual connection is stable.
Conversely, any stable Yang-Mills connection (or field) on S4 with G = SU2,SU3,U2
is either self-dual or anti-self-dual (see [1]). On the other hand, an infinite number of
unstable Yang-Mills fields on S2 with G = SU(2) are constructed by L. M. Sibner,
R. J. Sibner and K. Uhlenbeck in [4].
Y. L. Xin in [5] discussed the stabilities of Yang-Mills fields on submanifolds of
the Euclidean space, and obtained the following












kl ≤ bδijδkl ,
where hµij is the second fundamental tensor with respect to a local orthonormal
frame of M , 1 ≤ i, j, k, l ≤ n, n + 1 ≤ µ ≤ n + k, and b < 0. Then any nonzero
Yang-Mills fields on M are unstable.
On Sn ⊆ Rn+1, we can choose a local orthonormal field of frame of Rn+1, such
that hn+1ij = δij . Then the condition in Theorem 2 becomes as n > 4. Therefore,
Theorem 2 is a generalization of Theorem 1.













AikAjl ≤ bδijδklAikAjl .
If the integrand of the Yang-Mills functional is replaced by ‖R∇‖p, then we
can obtain a p-Yang-Mills functional, whose critical points are called p-Yang-Mills
connections, and the associated curvature tensors are called p-Yang-Mills fields.
The paper [3] investigated the stabilities of p-Yang-Mills fields of Euclidean and
sphere submanifolds, and generalized the related results of [1] and [5].
Let Mn be a submanifold of Rn+k or Sn+k, and h(·, ·) the second fundamental
form. Let 1 ≤ i, j ≤ n; n + 1 ≤ µ ≤ n + k. Choose a local orthonormal frame
{ei|i = 1, · · · , n+ k} of Rn+k or Sn+k, such that, restrict to Mn, {e1, · · · , en} are



















For example, if Mn = Sn, as a hypersurface of Rn+1, then we can choose an
adapted local normal frame such that hij = hn+1ij = δij . In this case, Cijklsr =
(2p− n)δjlδkiδsr.
The paper [3] proved the following theorems:
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Theorem 4 ([3]). Let Mn be a submanifold of Rn+k, satisfying Cijklsr ≤ bδikδjlδsr,
where b < 0. Then any nonzero p-Yang-Mills fields on M are unstable.
Theorem 5 ([3]). Let Mn be a submanifold of Sn+k, satisfying Cijklsr < (n −
2p)δikδjlδsr. Then any nonzero p-Yang-Mills fields on M are unstable.
When p = 2, the condition in Theorem 4 is the same as that in Theorem 2.
So, Theorem 4 is a generalization of Theorem 2. If we consider Sn as a totally
geodesic submanifold of Sn+p, then the condition in Theorem 5 is n > 2p. Therefore
Theorem 5 is another generalization of Theorem 1.
Remark 6. Inequality Cijklsr ≤ (or <)aδikδjlδsr means that∑
CijklsrAijAklBstBrt ≤ (or <)a
∑
δikδjlδsrAijAklBstBrt
for any tensor Aij and Bij .





F is a non-negative function, we define an F -Yang-Mills functional, and hence
F -Yang-Mills fields. These generalize theories of p-Yang-Mills fields. In this paper,
we investigate the stabilities of F -Yang-Mills fields on submanifolds of the Euclidean
space and the spheres, and our main results are in the following:
Theorem 7. Let Mn be a submanifold of Rn+k, which satisfies
(4) Cijklsr ≤ bδikδjl ,
where b < 0. Suppose that for t > 0, we have
(5) (p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) > 0 , F (t) > 0 .
Then any nonzero F -Yang-Mills field R∇ on Mn is unstable.
Theorem 8. Let Mn be a submanifold of Sn+k, which satisfies
(6) Cijklsr < (n− 2p)δikδjl .
Suppose that for t > 0, we have
(7) (p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) > 0 , F (t) > 0 .
Then any nonzero F -Yang-Mills field R∇ on Mn is unstable.
Theorem 7 generalizes Theorem 4 and Theorem 8 generalizes Theorem 5.
Remark 9.









is differential and non-increasing.
(2) For p ≥ 2, the following functions satisfy the condition 7: 1p (2t)
p
















(3) In general, if f : [0,∞)→ (0,∞) is differential and non-increasing, F (t) =∫ t p2





is differential and non-increasing for p ≥ 2, and hence
condition (7) is satisfied by such an F .
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2. Variational formulas of F-Yang-Mills fields
Definition 10. Let F : [0,+∞)→ [0,+∞) be a C∞ function. Define SF : CE → R
as following: For any ∇ ∈ CE , set








which is called an F -Yang-Mills functional. The critical points of SF are cal-
led F -Yang-Mills connections, and the associated curvature tensors are called
F -Yang-Mills fields.
Let ∇t = ∇ + At be a variation of ∇ ∈ CE , where At ∈ Ω1(gE) with A0 = 0.
Then the curvature of ∇t is given by
(9) R∇
t
= R∇ + d∇At + 12[A
t ∧At] ,
where, the compound operation [· ∧ ·] is defined as follows: For ϕ,ψ ∈ Ω(gE),
[ϕ ∧ ψ]X,Y = [ϕX , ψY ]− [ϕY , ψX ]. Here, d∇ is the wedge covariant differentiation.













































Let D = ddtA
t |t=0 and let δ∇ be the adjoint operator of d∇ with respect to the































R∇ = 0 .
In order to discuss the stabilities of F -Yang-Mills fields, we need the second





















































= d∇C + [D ∧D] .
where C = d
2
dt2 |t=0 A





























































































































































































If for any D ∈ Ω1(gE), there holds I(D) ≥ 0, then we call R∇ stable. Otherwise, it
is unstable.
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3. Lemmas
For ϕ ∈ Ω2(gE), ω ∈ Ω2(M)⊗Hom (X(M),X(M)), let




ϕej ,ωX,Y ej .
We use R to express the Riemannian curvature tensor of M , Ric for the Ricci
operator. On M , we take a local orthonormal frame field {ei}i=1,··· ,n, and adopt
the Einstein convention of summation. The range of the indices i, j, k, l, m is
{1, . . . , n}. Let




[R∇ej ,X , ϕej ,Y ]− [R
∇
ej ,Y , ϕej ,X ]
}
.
Here, Ric ∧ I ∈ Ω2(M)⊗Hom (X(M),X(M)), and X ∧ Y is defined as:
(24) (X ∧ Y ) (Z) = 〈X,Z〉Y − 〈Y,Z〉X .
For any ϕ ∈ Ω2(gE), we have (see [1])










































R∇ ◦ (Ric ∧ I + 2R), R∇
〉
= 0 .(27)
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R∇ ◦ (Ric ∧ I + 2R), R∇
〉
.(29)







〈∆∇R∇, R∇〉 = 0.

















































Let {Xa} be an orthonormal frame of gE , and {ei} on M . Let

















Lemma 13 ([3]). We have
(i) If Mn is a submanifold of Rn+k, then
(32)
〈

















(ii) If Mn is a submanifold of Sn+k, then
(33)
〈
















kl + 2(n− 2)‖R∇‖2 .
4. Stabilities of F-Yang-Mills fields














δsr + 2(p− 2)hµikh
µ
srδjl ≤ bδikδjlδsr,
where b < 0. If R∇ is a nonzero F -Yang-Mills field on Mn, then it is unstable,
where for t > 0 we have
(35) (p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) > 0 , F (t) > 0 .
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Proof. Let X and V be two tangent vectors to Mn, and let D = iVR∇, then we
have DX = (iVR∇)X = R∇V,X and











= ∇ei(iVR∇)ej − (iVR∇)∇eiej −∇ej (iVR
∇)ei + (iVR∇)∇ej ei


















Let {EA | A = 1, 2, . . . , n + k} be the canonical orthonormal base of Rn+k, and
write VA = viAei as the tangent part of EA. Let the indices A, B, C run from 1 to
n+ k, the indices i, j from 1 to n, and the indice µ from n+ 1 to n+ k. Then we
have










































By (36) and (37), we have
(d∇DA)ei,ej = (∇eiR∇)VA,ej − (∇ejR∇)VA,ei +R∇∇eiVA,ej −R
∇
∇ejVA,ei
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Then we calculate the second term at the right hand side of (38). By a direct
computation, we have
























[Rei,ek , Rei,ej ], R∇ej ,ek
〉
≡ 〈<∇(R∇), R∇〉 ,
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Let M0 = {x ∈ M : R∇(x) = 0}. Apparently, M\M0 is an open set of M and



































































































In order to make
∑

























ts ≥ 0, we can
assume that F ′′(t) ≤ (p−2)F
′(t)


































































































+ 2(p− 2)hµikhµsrδjl, then





























































‖R∇‖2 < 0 ,
which is a contradiction to the stability of R∇. Therefore we have R∇ ≡ 0. 
Remark 15. We have used the condition (5) in the above proof, which is a
technical assumption. This condition covers many important cases, but don’t covers
the exponential Yang-Mills fields. We plan to discuss the exponential Yang-Mills
fields elsewhere.
Corollary 16. Let Mn be a hypersurface of Rn+1, the principal curvatures
λ1, λ2, · · · , λn of which satisfies the following condition:
(53) Hλi > 2λiλj + 2λ2j + 2(p− 2)λiλs ,
where H =
∑
i λi. If for t > 0 we have
(p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) > 0 , F (t) > 0 ,
then any nonzero F -Yang-Mills field R∇ on M must be unstable.
Especially, if Mn = Sn ⊂ Rn+1 and n > 2p, then any nonzero F -Yang-Mills
field R∇ on Sn must be unstable.
Proof. Let hn+1ij = λiδij and H = Hn+1 =
∑
































































‖R∇‖2 < 0 .
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This is impossible because of the stability unless M = M0 i.e. R∇ ≡ 0. The theorem
follows.
Especially, for Mn = Sn ⊂ Rn+1 we have λi = 1. The condition (53) becomes
as n > 2p. 











δsr + 2(p− 2)hµikh
µ
srδjl < (n− 2p)δikδjlδsr ,
where p > 2 and hµij is the components of the second fundamental form h of Mn in
Sn+k. Then, any nonzero F -Yang-Mills field R∇ on M is unstable if
(p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) ≥ 0 , F (t) > 0 .
Proof. The proof is similar to that of Theorem 14, but Lemma 13(ii) instead of
(i) is used to calculate the curvature.





































Note that in the second and the third terms of (48), hµij is the second fundamental
tensor of M in Rn+k. But in Theorem 17, hµij is the second fundamental tensor
of M in Sn+k. Because Sn+k is a hypersurface of Rn+k+1, M can be view as a
submanifold of Rn+k+1, whose second fundamental tensor has two parts: one is
that of M in Sn+k which is also denoted by hµij , another is that of Sn+k in Rn+k+1
which is hn+k+1ij = δij in an appropriate local frame field. Hence the second and











































































































































The rest discuss is similar to the proof of Theorem 14, so we omit the details. 
Similar to Corollary 16, we have
Corollary 18. Let Mn be a hypersurface of Sn+1, the principal curvatures λ1, λ2,
. . . , λn of which satisfies the following condition:
(55) Hλi > 2λiλj + 2λjλl + 2(p− 2)λiλs − (n− 2p),
where H =
∑
i λi. If for t > 0 we have
(p− 2)F ′(t) ≥ 2tF ′′(t) , F ′(t) > 0 , F (t) > 0 ,
then any nonzero F -Yang-Mills field R∇ on M must be unstable.
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